3-1 Network and Flow
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Chapter 3 Network Theory

Network: A simple, weighted, directed
graph satisfies: (a) The source has no
incoming edges. (b) The sink has no
outgoing edges, (c) The weight Cj; of the
directed edge (i,j)) is a nonnegative
number. Cj; is called the capacity of (i,j).

Flow: A flow F;; of the directed edge (i,j) is a nonnegative number and satisfies:

(a) Fij<C;. (b) Z F = z F; for each vertex j, neither the source and the sink..

Eg. A network with edges label by capacity (left) and flow (right).
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Eg. Fill in the missing edge flows of the left

network.

(SOI.) Fb(;:Fabzs, Fad:Fdezz
Fee=Fez -Fee=3-2=1, Fc;= Fpc-Fcee=3-1=2

Eg. Fill in the missing edge flows of the left

network.

(SOI-) Foa=Far—Fbc=2, Fec=Fc:-Fnc=2, Fag= Fde-Fna=1
Fe= Fae-Fec=1
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Theorem The flow out of the source equals the flow into the sink. That is,
Y F.=>F,.
Value of the flow: The value of > F, =) F,.

Supersource and supersink: To be added in the original network without the source
and the sink.
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Theorem Let P be a path from a to z in a network G. Let A=min(Cj; - F;; for
properly oriented edges (ij), Fij for improperly oriented edges (ij)). Define

Fio if (i,j) isnotinP

F,*=1F, +A, if (i,]) is properly oriented in P, and then F*>F.
F, —A,if (i, ]) isimproperly oriented in P

| A Eg. Increase the flow of each edge in the left path.
3,17 ¥ s p 4% .
fedf 20 (Sol) A=min(3-1,1,3-2,5-1)=1
: ’ New flows: 1+1=2, 1-1=0, 2+1=3, 1+1=2
We have the new flows in the path:
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i path.

(Sol.) A=min(5-1,5-2,2,6-3)=2

< - Eg. Increase the flow of each edge in the left

New flows: 1+2=3, 2+2=4, 2-2=0, 3+2=5. We have the new flows in the path:
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Maximal flow algorithm

Input: A network with source a, sink z, capacity C,
vertices @ = vg,..., Uy =z, and n

Output: A maximal flow F

max_flow(a,z, C,v,n) |
// v's label is (predecessor(v), val{v))
// start with zero flow
1. for each edge (1, j)
Fij=0
while {true) {
// remove all labels
fori=0ton {
predecessor{v) = null
val{v) = null
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// label @

predecessor(a) = —

valla) = o

// U is the set of unexamined, labeled vertices
10. U={a}

Li=0 -]

J/ continue until z is labeled

11. while (val{z) == null} {

12. if (U == @) // flow is maximal

3. return F

14. choose v in U

L3y U=v-{u}

16. A =valiv)

17. for each edge (v, w) with val{w} == null
18. i {Fyir = Corup ¥ {

19. predecessor{w) = v

20. vallw) = Dfliniﬁ.cuu' - .FL'J.('}

21. U=1Uufw}

22,

23. for each edge (w,v) with valiw} == null
24, if (Fyy > 0) |

25. predecessor(w) = v

26. vallw) = min{A, Fy. )

27, U=1Uu{w}

28. }

29. 1/ end while (val(z) == null) loop

30.
a1
32,
33.
34,
25:
36.
I
38,
39.
40.
41.
42,
43.
44.
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// find path P from a to z on which to revise flow
Wpy =2
k=0
while {wy 7= a) {
w1 = predecessoriwy)

k=k+1
}
P = (w1, W, ..., W, Wy}
A =valiz)

fori=1tok+1{
e={w,wi)
if (e is properly oriented in P)

Fe=Fe+ A
else
Fo=F,—A

]
} /¢ end while (true) loop
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Eg. Find the maximum flow of
the left path. The capacity Cj; of
each edge (i,j) has been labeled
on the network.

b 2l €
- = i
_4.242
P b
»
Fd
* i 1 |
4 ../’
/ .‘4
%
.'»_' —=
d 2 €
b 22 «
— — - .
4,4
o 4
o' 2.2 L
\ 3
3,4 4.2
- S— - -
d 2.3 ¢



Eg. Find the maximum flow of the left path.

- - The capacity Cj; of each edge (i,j) has been
. LY labeled on the network.
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R Eg. Find the maximum flow of the left path. The
5. .., capacity Cj of each edge (i,j) has been labeled on
. 5 ~ the network.
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Cut (P,P): Acut (P,P) in G consists of a set P of vertices and the complement P
of P, with acP and ze P.



Eg. A cut (P,F’) in the left network, where

b T P
L P={abd}and P={cefz}.
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Eg. A cut (P,E) in the left network, where
P={a,b,d} and P={c.e,z}.

Capacity of the cut (P, P), C(P,P): C(P,P)=>">"C;

ieP jeP

Eg. Find the capacity of the cut (P,E) in the

b 14,4 c
e left network.
3.3
(SOI.) Cbc+Cde=4+4=8
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Eg. Find the capacity of the cut (P,F’) in
the left network.
(Sol.) Cpct+Cyct+Cye=2+2+2=6

Theorem Y »"C; 2> F,.

ieP jeP
Max flow and min cut Theorem If equality holds in > > C,; > >"F,, then the
ieP jEE i
flow is maximal and the cut is minimal. Moreover, equality holds in
> >.C; 2> F, if and only if (a) Fy=C; for i€P and j€P and (b) F;=0 for
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3-2 Matching
Matching: Let G be a directed, bipartite graph with disjoint vertex set V and W in
which the edges are directed from vertices in V to vertices in W. A matching for G is a
set of edges E with no vertices in common.
Maximal matching: A matching contains the maximum number of edges.
Complete matching: A matching having the property that if veV, then (v,w) €E for
some weW.
Eg. Two examples of matching. The black lines show maximal matching in each
graph.
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—Maximal matching: z

Matching network: Introducing a super source a and edges of capacity 1 from a to
each of v; €V, a super sink zand edges of capacity 1 from each of wyeWto z



Eg. Transform the left matching for G
into a matching network.

(Sol.)

U Eg. Find the maximal matching for the left graph.
(Sol.) Matching network:




Eg. Find the maximal matching for the left

graph.
e (Sol.) Matching network:




Eg. Find the maximal matching for the left
graph.
(Sol.) Matching network:

Theorem Let G be a directed, bipartite graph with disjoint vertex set V. and W in

which the edges are directed from vertices in V to vertices in W.

(a) A flow in the matching network gives a matching in G. The vertex veV is
matched with the vertex weW if and only if the flow in edge (v,w)=1.

(b) A maximal flow corresponds to a maximal matching.

(c) Aflow whose value is [V| corresponds to a complete matching.



Hall’s Marriage Theorem Let G be a directed, bipartite graph with disadjoint
vertex set V and W in which the edges are directed from vertices in V to vertices
in W. There exists a complete matching in G if and only if |S|<|R(S)| for all ScV,
where R(S)={weW |[veS and (v,w) is an edge in G}.
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Eg. There are 3 boys: a(fr*[m: [’rﬁJ), b(Z| = ), c(F* 75) and 4 girls: r(ﬁ‘%&ﬁ , S(f&
i), t(FEE ), u(f’l?ﬁ'ﬁl{). If a likes r and s, b likes s and u, c likes r, t and u, can
each boy marry a compatible girl?

(Sol.)

Choose S={ab,c}, we have R(S)={r,st,u} and

43 |SI=3<4=|R(S)|
. . Choose S={ab}, we have R(S)={r,su} and

|SI=2<3=|R(S)

; Choose S={a,c}, we have R(S)={r,st,u} and
|S5|=2<4=|R(S;)|. Choose S,={b,c}, we have R(&)=
{r,stu} and |S|=2<4=|R(S)|, .". Yes! Each boy

can marry a compatible girl.

Eg. There are 4 members in female F4: A(Amy),
B(Fanny), C(Tiffany), and D(Stacy), who choose
J1-Js. Let S={A,B,D}, we have R(S)={J.,Js} and
|S|=3>2=|R(S)|, there is not a complete matching
for the graph.
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Eg. There are 3 boys: a(fi'%P) b(F4r=F4]), c(érd,:? )and4g|rls rfR 130, s@
AT, tEWRER), u(dpife). If alikes rand t, b likes onlyt c likes r and t, can each
boy marry a compatible girl? If s(F55%) and u(y['=) are replaced by K 7l
and ! fi#2&, how do you think about it?
(Sol.)
Choose S={a,b,c}, we have R(S={r,t} and
o s 19=3>2=|R(§)], .. No! Some boy can not marry a
b compatible girl. For example, if a married r and b
; marries t, ¢ can not marry his compatible girl.
Similarly, if a married t and ¢ married r, b can not
®u  marry his compatible girl. In case ¢ married r and b
marries t, a can not marry his compatible girl.
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